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Abstract 

A study of the Model of Embedded Spaces (MES) with a relativistic version of Finslerian 
geometry is continued. The field equations of the MES (Einstein and Maxwell types) 
are derived, and this formally completes geometrization of classical electrodynamics. The 
minimal action principle leads to geometrization of the field sources (the right-hand sides 
of the equations) and, as a consequence, to a field hypothesis of matter, a direct confir- 
mation of W. Clifford's ideas. 



1 Introduction 

Judging by the state of the art, the idea 
of treating physical phenomena as geomet- 
ric ones in the really existing space-time 
of the Universe will be long attractive for 
researchers. It was put forward by W. Clif- 
ford at the end of the 19th century yy and 
partly proved by H. Minkowski [2] and A. 
Einstein in collaboration with M. Gross- 
mann [3] in the first quarter of the last cen- 
tury. The results of these works essentially 
changed the general notions on the sub- 
stance of entire areas of physics. Geomet- 
rically, the essence of these works reduced 
to consecutively changing the space-time 
models of physics. Obviously, these were 
the first but uniquely effective steps toward 
geometrization of physics. 

In our opinion, subsequent effort in this 
area did not lead to results comparable with 
those cited above. The stumbling block was 
the problem of geometrization of classical 
electrodynamic4j. 



The main geometric idea behind the at- 
tempts of finding a solution to this problem 
(as well as the attempts of geometrization 
of weak and strong interactions) was to ap- 
ply different types of more or less physi- 
cally grounded generalizations of the Rie- 
mannian geometry, based, e.g., on the as- 
sumptions of sectional curvature [1], high- 
er dimensions of real space-time [5], El |7j, 
torsion [8J and so on. (Some new results 
were obtained in the framework of the rela- 
tional approach — the works on the the- 
ory of physical structures [9l [10]. Based 
on their originally accepted principles, the 
authors deduced such realistic objects as 
metric space-time and physically acceptable 
generalizations of the Riemannian geome- 
try, including versions with higher dimen- 
sions etc.) 

To do justice to adherents of the "Rie- 
mannian" approach, we, however, should 
give some arguments. In our opinion, the 
most productive is only such a Riemannian 
generalization that is verified by experi- 



^This problem can be used as a test problem for 



any attempts of geometrization of physics. 



merit, though partly, on all scales (macro- 
scopic, molar and microscopic) because the 
electromagnetic interaction is long-range. 
Besides, it is well known that the possibly 
existing higher dimensions have a Planck 
scale and must be compactified, which clear- 
ly contradicts the obvious first judgement!^. 

Thus we may suggest that a progress in 
geometrization of physics is possible only on 
the way of qualitative modifications of the 
existing space-time model, which requires 
a geometry qualitatively more general than 
the Riemannian one. For example, a geom- 
etry in which Riemannian space is tangen- 
tial to the space of the new model. 

The Finslerian 4D model could be a real 
candidate for this modification [11]. This 
geometry allows for a clear physical inter- 
pretation: geometric properties of space 
may depend on the state of local classical 
matter {x\ i^) , not only on the coordinates 
(as in the Riemannian model). 

Although this model is not generally 
recognized in physics, it is used as a back- 
ground for many works on geometrization 
of physical phenomena, including works de- 
voted to some aspects of classical electro- 
dynamics, e.g., [12]. There are also many 
generalizations of the Finslerian model, and 
the situation in this area, including the re- 
sults, is similar to the "Riemannian" one. 

Recently, the author managed to give a 
reason for such a situation with the Finsle- 
rian model. The point is that the classical 
Finslerian geometry (as well as its general- 
izations) is not relativistic [13j. It means 
that this geometry cannot play the role of 
the geometry of a relativistic generaliza- 
tion of the modern Riemannian model. 

For Clifford's hypothesis, this fact means 
a necessity of a) creating a relativistic Fins- 

^We do not deny the opportunity of higher di- 
mensions in Riemannian or some other models, we 
only doubt whether geometrization of physical phe- 
nomena of any scales can be realized using a geom- 
etry of the Planck scale. 



lerian geometry and b) proposing a new 4D 
space-time model which could be described 
by this geometry. Here, the problem of ge- 
ometrizing electrodynamics should be con- 
sidered test problem. 

A new model of space-tim^ and a sim- 
ple metric version of the geometry were de- 
veloped in [m [12] . The final formal effort 
in realization of this programme, derivation 
of the field equations, is described in this 
paper. 

It is clear that the required equations 
must be a set of local equations for the 
field potentials of MES: an equation of Ein- 
stein type (for the gravitational potential, 
the metric tensor go.) and an equation of 
Maxwell type (for the electromagnetic po- 
tential, Cartan's torsion tensor Ci^ki)- (The 
equations must be generally covariant, sat- 
isfy the correspondence principle and con- 
tain not higher than second-order deriva- 
tives.) In spite of the fact that the potential 
of the developed electromagnetic general- 
ization is a third-order tensor, the prospec- 
tive source in the Maxwell-type equation 
will be the vector of electric current den- 
sity. 

Besides, geometrization of fields requires 
a proper geometric understanding of the 
method used to find these equations (the 
minimal action principle in this case). 

Thus, the aim of the work is deriva- 
tion of MES field equations with, as far as 
possible, a clear interpretation of both the 
method and results obtained. 

2 Lagrangian density 
and action 

In our case, as in the construction of GR, 
it is absolutely natural to use the curvature 
of MES geometry R to construct the field 

■^The model of embedded spaces (MES). 



Lagrangian density, 



R = g'^R. 



iky 
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where the Ricci tensor is expressed in terms 
of the geometry connection as [15] 
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Since the connection ai^ki = ^i,ki + ^i,ki is a 
sum of the Christoffel and Lorentz terms, 

^i,kl (^Rlm,ik ~l~ Rkm,il Rim,kl)'^ ; 

F^k,im = dCk,imldx' - dC,^imldx\ (2) 
where 

2a,fcz = dgu/du' (3) 

is Cartan's relativistic torsion tensor, the 
curvature (1) sphts into the Riemannian 
curvature R (related to V\i in the stan- 
dard way) and the Lorentz r parts 

R = R + r. 

In what follows, the Lorentz part of the 
curvature 

is conveniently expressed in terms of Fik^im , 
separating the divergence term 



iku'u^ 



{^r^^^'\ui) ^ + 2Biuu'u\ (4) 



where the symmetric tensor Bik is 

^ik - (ijm \^lk),n] " ^i'n\k),l ) ■ 



(The brackets (.^.) or [,^.] near indices mean, 
as usual, symmetrization or anti-symmetri- 
zation, respectively.) 

It seems reasonable to use the scalar 
RikU^u^ as a geometric invariant which can 
also be used for building the desired La- 
grange density. However, this is not true: 



the Ricci tensor Rik is a function of the 
connection, and the anisotropy of the MES 
has already been taken into account in the 
connection (2). 

One of the basic assumptions of the 
MES is the concept of a congruence of 
curves (trajectories of the initial matter 
congruence), where the "initial" (or "bare") 
matter means matter without contributions 
of its own fields to inertia. To be more spe- 
cific, let us assume that this matter is dis- 
tributed, with the densities of "bare" iner- 
tial mass and "bare" electric charge /iq and 
Po, respectively. Moreover, let the charge 
distribution be proportional to the mass 
distribution. 



k = (po/yUo) 



(6) 



where k is the gravitational constant. 

At first sight, this assumption, unifying 
so strongly the initial matter, has no rea- 
sonable grounds. However, in what follows 
it will be demonstrated that the field hy- 
pothesis guarantees renormalization of po 
and fio to values characteristic of dressed 
matter (moreover, the assumption (6) al- 
lows the existence of neutral matter). Be- 
sides, the following argument can be ad- 
duced: there exists the Eulerian description 
of continuous matter, which is equivalent to 
the Lagrangian description. In the frame- 
work of this description, the velocity of 
matter is treated as a local field u*(a;^). 
Therefore, formally, the MES geometry 
may be treated as a partial anisotropic case 
of Riemannian geometry. 

Then, for the quantity po/(poC^)) in ac- 
cordance with the general principle of rela- 
tivity, legitimate are only such values which 
are combinations of the world constants (up 
to some numerical factor). The quantity 
(po/po)^ and the gravitational constant k 
are equidimensional, so that the simplest 
relation is (6). 

Then the combination —R/2x (as in 



GR), with 



X 



Snkc 



(7) 



may be interpreted as the field Lagrangian 
4-density (in any case, it contains isotropic 
terms quadratic with respect to F^^ for the 
gravitational field). 

Naturally, this interpretation can also 
be extended to the Lorentz term r of the 
curvature, especially to the terms quadrat- 
ic with respect to Fik^im- The fact that 
Fik^im is included in r only as a contrac- 
tion with can be treated ClS db result of 
MES anisotropy. 

The integral action of the physical sys- 
tem also contains the free initial matter 
term. Since this matter moves along geode- 
sies of space, its Lagrangian density must 
be chosen as 

Aq = -fiQC^ds/y/g^^dx^ = -ci^o)U, (8) 

where 



'(0) 



(9) 



is the current density of inertial mass of the 
initial matter. 

Thus the sought-for action must include 
the following terms: 



S ~ — c 



-1 



(10) 



where dVL is the 4- volume element. 

Further, to formulate the variation prob- 
lem, we need to define its independent vari- 
ables. At first sight, these should be the 
metric tensor g^^ (the gravitational field) 
and the tensor Ci^ki (the electromagnetic 
field). However, this supposition is wrong 
since they are not independent quantities 
(see the definition (3)). Therefore, the fol- 
lowing geometric approach to the problem 
is valid. 

As a curvature criterion at some point 
of Riemannian space, we may use a scalar 
quantity, the interval ds = gik{x^)dx^dx^ , 
which is the distance between this point 



and an infinitely close point (with the co- 
ordinates (a;* -|- dx^)). The interval is the 
length of a segment of some curve passing 
through these points, and the segment itself 
is situated along the unit tangential vector 

= dx^jds of the curve at the point (x*). 
The Hilbert variation with respect to the 
metric gi]^ (with respect to the squared lin- 
ear point density of the Riemannian space) 
means variation of this segment length for 
fixed projections dx^ . 

The case of MES space is more gener- 
al: because of its anisotropy, it is necessary 
to take into account the orientation of this 
segment relative to a preferential direction 
at the point (x*) (relative to the curve of 
the MES congruence which passes through 
this point). By virtue of the isomorphism 
of MES curves -u* ^ -uj^a^^ ^14i, il5j , the met- 
ric of MES space at the point (x*) can be 
considered as g'^'' {x'' , u"^) . Clearly, this con- 
clusion is valid for both the functional (10) 
and the particular case in which our curve 
belongs to the congruence of MES curves 
(matter geodesies). 

Thus such a generalization of the Hilbert 
variation to the case of MES space is quite 
natural: it has two independent variations. 

These are the "old" functional variation 
of (10) with respect to g^'' and a "new" 
variation of (10) with respect to an explicit 
dependence on Ui, because an implicit di- 
rection dependence is taken into account by 
the first variatior0. 

Such a choice of variables for the vari- 
ation procedure makes it necessary to con- 
sider the norms. It means that the present 
variation problem is a problem with con- 
straints imposed on the functional. Then 
the latter must be written as 



S 



-c 



n 



Ao+(/? + r)/(2x) 



^This conclusion is confirmed by the form of r , 
see (4) and (5): in the case of a hnear dependence 
of gik on , the field tensor Fikjm depends only 
on the coordinates! 



-gdQ, (11) 



where Ai and A2 are Lagrange multipliers. 

3 Equation of Einstein 
type 

As can be derived by varying (11) in g^'^ 
subject to the condition that Ai and A2 are 
invariable constants in compliance with the 
Lagrange method, 







where 



ik +MiBk)lU 

-g dfl, 



tlf = €' - '^^2UiUk + (2Ai + A2) gik, (12) 



.(0) 



and t. 



(0) 



— AoMj-Ufc is the energy-momen- 



tum tensor (EMT) of free initial matter. 

Variation of the last term requires par- 
ticular attention, but bearing in mind that 



SF,, 



d'^^gim 



iklm 



0, 



because 5gim = , we can find the Einstein- 
type equation in the form 



Qik 



Rik - - ^ [ '^ik^ + ''^iklm 



(13) 



where 

(em) 



^ikim (Biklm + g{l{iBk)m) " ^Bim 



(14) 

is the EMT of the electromagnetic field and 
the tensor Bi^im is 

-F 1 -i-F'" + Fri i,^ "F P 

nl,ik-'' m, pj ~ (il,k) ^ nm,p 

1-'^ l,n(i-'^ k)m,p '^■'^ {il,n m,pk)y v 

SO that both -Bjfcim and t are symmetric 
with respect to indices inside the first and 
second pairs of indices. 



4 Equation of Maxwell 
type 

It is derived as an extremum condition of 
(11) in the directions S\u^S = 0. The ex- 
tremum is found from the explicit depen- 
dence of S on Ui because the implicit de- 
pendence was already taken into account in 
the Einstein-type equation. Thus we have 

/ [Sr + 2x(5(Ao + \2Uiu')] dVt = 0. 
Jn 

Using the expression (4) for r, taking into 
account the commutativity of the operators 
d/dui and d/dx'^, 



OUi^k = OU — r = OU 



duidx^ 



dx^du 



0, 



we obtain 
2 



-9 



+x(Ao + 2A2)m^ = 0. 

But this equation has not a generally co- 
variant form. 

The requirement of general covariance 
can be satisfied if only this equation is a set 
of equations: 

F^'^'' i,k + 2B' = -x(Ao + 2\2)u\ 

F*''S = 0, (16) 
where F^^'S;^ = {y/^F''''^ i) J . 

5 Interpretation of the 
equations 

A physical meaning of the equations can be 
comprehended only after a concrete defini- 
tion of the MES "vacuum" concept. Part- 
ly, this definition was discussed earlier |14j . 
Now, development of this notion, based 
on the ideas of continuum matter used in 



this paper, it will be more reasonable to 
define the MES "vacuum" as space areas 
of distributed initial matter where po ^ 
and /io ^ 0. The ratio of these quantities 
must satisfy (7). 

Hence the vacuum of MES must have 
the properties of homogeneous and extreme- 
ly weakly charged inertial matteiEl, moving 
with the velocity . The gravitational con- 
stant, more precisely, its algebraic square 
root with a certain (yet unknown) sign 

±Vk = po/fio (17) 

is the main characteristic of MES vacuum, 
like the Plank constant for the density of 
space points [15j. 

Such an approach allows us to treat the 
Universe as an area of space with some fixed 
sigij§ in (17). 

Note that if we adopt this hypothesis, 
then, as a model of a charged particle, we 
can choose a thermal vacuum fluctuation 
which has a long lifetime due to its own 
fields preventing its decay. The fluctuation 
may have the above po and Pq densities, 
but the condition (17) for it holds true. 

Thus in this model 

Ao^O, tgVo, ^;o)^0. 

Further we must understand how the 
initial matter is "dressed" with fields. In 
other words, since the role of the EMT of 
dressed matter is played by t[^^ (12), 

^!r^ = - (Ao + 2A2) UiUk + (2Ai + A2) gik, 

(18) 

it is necessary to find a relationship of the 
Lagrange factors Ai and A2 with the field 
quantities. To do so, it is convenient to use 

comparison of q/m of some charged elemen- 
tary particle with ^/k readily shows how weak is 
this electric property of vacuum. E.g., for the pro- 
ton we have Vk/{qp/mp) ~ 10~^^ . 

^Indirectly, this definiteness of the sign is con- 
firmed by the Universe asymmetry with respect to 
the content of matter and antimatter. 



the Einstein-type equation in the following 
form: 

Contractions with gik and u'^u^ lead to 
equations for the Lagrange factors: 

4Ai + A2 = (Ao - R/k - t^'^^' .uu^'u') /2, 
2Ai - A2 = Ao + {Riku'u^ - R/2) /x 

whence it follows 

6A1 = 3Ao/2 - + {Rikjyi 

6A2 = -3Ao + R/k - {AR^k/>c 

-^t[lT2u'u- + t^-^\,kyu'. (19) 

The meaning of these formulae is clear: 
they describe geometrized matter. 

Comparison of (19) with (18) for the 
EMT of dressed matter leads to a firm con- 
clusion that the geometrized EMT of mat- 
ter is independent of the Lagrange densi- 
ty of the initial (bare) matter Ao(!), but is 
completely determined by the fields (grav- 
itational and electromagnetic) and by the 
matter velocity field (congruence of MES 
curves). (After substitution of (19) into 
(18), Ao vanishes from the coefficients be- 
fore and gik-) 

This result is also true for the Maxwell- 
type equation (16). 

Consequently, the initial ("bare") mat- 
ter concept is just a redundant though 
rather convenient hypothesis. 

This conclusion should be interpreted as 
a direct proof of Clifford's hypothesis for 
MES space: the MES field equations do not 
include non-geometrical quantities (except 
the constant k). 

Turning back, let us analyze the results 
of abandoning the initial matter hypothesis. 



First of all, it means that the first term 
in the action 5* (11) of the "matter + field" 
physical system is unnecessary. It can be 
set to zero or excluded from the Lagrange 
density, and the last two terms of the ac- 
tion S (with Lagrange factors) describe the 
matter terms: 

6Ai = —R/k+ (^Rik/x 

6A2 = R/X - {4:Rik/>i 

-^^u-^ + t^'-'^'ukWu', (190 

which means that to solve the set of field 
equations (13) and (16), it is sufficient to 
know the vector field of matter velocities 

and the value of gravitational constant. 

Secondly, the minimal action princi- 
ple has an almost geometric meaning (this 
meaning will be exactly geometric if it will 
be proved that the gravitational constant k 
has a geometrical origin). 

Thirdly, the question of measurability of 
the scalar field Aq (physically very nontriv- 
ial) is closed. 

Fourthly, the concept of "matter" re- 
duces to particle-like solutions of the fields 
equations (more precisely, to the areas of 
these solutions which have large curvature). 
In this case, the model of vacuum simply 
suggests that there exist areas of space with 
minimal (zero as a limit) curvature. 

The only characteristic of the MES vac- 
uum (in any case, for molar and macroscop- 
ic scales) is the gravitational constant k. 

And finally, the MES congruence of 
curves should be interpreted as world lines 
of areas (points in the limit) with great 
curvature of particle-like solutions. 

Conclusion: the disavowal of the initial 
matter hypothesis has found such a con- 
vincing geometric and physical justification 
that its further usage would be a mistake. 

The form of the matter EMT (18) shows 
that this matter can be treated clS db perfect 



fluid, 

4"^ = (^ + PK«'-P^7.fc, (20) 

where e and p are the energy density and 
pressure, respectively. 

So formally, by virtue of e and p mea- 
surability, equation (13) can be treated as a 
standard gravitational field equation with a 
source, which includes two terms. The first 
term is the matter EMT (20) and the sec- 

1 . ,(em) ; »v, 

ond one is t^^u u . 

Assuming that the quantities e and p 
are known, their relationship with the La- 
grange factors are easily found by compar- 
ing (20) with (18) at Aq = 0: 

2X2 = -{e + p), 2Ai + A2 = -p. 

Let us substitute this result to the first 
Eq.(16) (at Ao = 0): 

F''''^ i-k + 2B' = x{e + p)u\ 

In compliance with the vacuum model 
and Eq.(17), the tensor Fik^im is related to 
the dimensional tensor fikjrJUl by 

hence this equation can be rewritten as (see 
(7)) 

r'''\.k±2c-^VkU,^u^ = ±87Tc-^y/k{e+p)u\ 

(22) 

where bik = Bik/kc ^ and 

bik = f\i\m. " {flk),n] - 2/„]fc),z . (23) 

Now the analogy between Eq.(22) and 
the equation of Maxwell's electrodynamics 
is obvious: the Maxwell field tensor f^^ cor- 
responds to the contraction /**^'' ; , and the 
electric current density is represented by 

f = ^2c-^Vk{e + p)u\ (24) 

^Clearly, the role of a [Mj is now played by 
ao = ±c"^\/fc. 



from which directly follows the expression 
for the charge density 

p = T2c'^^/k^o{e + p)u'^, (25) 

which can be named the field model of the 
electric charge. Obviously, the equation of 
state of neutral matter is 

£ +p = 0. 

It seems obvious that any change in the 
electric charge of a physical system leads to 
a change of its energy and pressure because 
a) this is related to variation of the mat- 
ter density (the charge carriers are particles, 
and so variation of the system charge is a 
change in the number of its particles), i.e., 
variation of both e and p; b) charged mass- 
less particles are unknown and c) a change 
in the charge leads to a change in the sys- 
tem field, i.e., additional changes in the sys- 
tem energy density and pressure. Hence the 
charge density, the energy density and pres- 
sure should be locally interrelated. The on- 
ly questionable point is that this relation 
is qualitatively similar to (25). Note that 
(24) and (25) are a classical (although rel- 
ativistic) formulas, whereas the charge car- 
riers used in the experiment are quantum 
objects. Therefore we cannot state that it 
is also valid in the quantum case. This will 
certainly require experimental verification. 

Here we must make a remark. At first 
sight, if a model of the electric charge is 
a corollary of the field hypothesis, why, in 
this case, we cannot treat the nonlinearity 
of the first equation (16) (or (22)) as an ad- 
ditional term in the right-hand side, defin- 
ing an electrical current density? After all, 
it is a contraction with velocity. The an- 
swer is simple: the current density, up to 
a scalar factor, must coincide with the ve- 
locity of charged matter (as it is defined in 
electrodynamics) . 

The second equation of the set (16) 



has no analogue in vectorial electrodynam- 
ics. 

It can be demonstrated that the set (16) 
determines the tensor -Fj^ with complete- 
ness of Maxwell's electrodynamics. 

First, for the antisymmetric pair of in- 
dices we have the first equation of the sys- 
tem, which has the classical structure of 
the Maxwell equation (its nonlinearity is 
inessential) . 

Second, for each fixed antisymmetric 
pair of indices, there are 10 components of 
the symmetric pair of tensor indices. For 
their determination, this equation gives on- 
ly one condition. That is, to completely 
determine the tensor, one needs 9 more in- 
dependent conditions, which are given by 
the second equation (16). Really, the ten- 
sor F'^^'^ I has no symmetries with respect 
to free indices. Therefore, this equation 
gives 16 additional conditions. However, 
only 9 of them are independent because 
the symmetric pair of indices of the tensor 
Fik,im are the indices of the metric tensor. 
The latter should always satisfy 7 condi- 
tions for a choice of the reference frame (4 
of them are the conditions of choosing a 
spatial point and the other 3 are the condi- 
tions of choosing the direction of motion at 
this point). 

Finally, we must mention the identity 

dFik,mn/dx^+dFii^rnn/dx^+dFkl,mn/dx' = 0, 

which has a generally covariant form. This 
can be easily proved using the orthogonal- 
ity property of the potential Ci^ki and the 
connection ai^ki [T^- 

6 Discussion 

Construction of the field equations formally 
means that the test problem of geometriza- 
tion of classical electrodynamics has a solu- 
tion in the framework of the 4D MES. This 
solution is a "rich" generalization of classic 



electrodynamics and leads to some serious 
conclusions on such fundamental concepts 
as matter, electric charge, vacuum etc. At 
the same time, the field hypothesis of mat- 
ter comes to the fore, leaving no other treat- 
ment of the latter. It is the author's strong 
belief that this result is the only logically 
admissible result of physical treatment of 
Clifford's idea. 

Identification of the fields F*'^'' ; with 
electromagnetic fields will hardly cause any 
doubt. But identification of the residuary 
9 additional fields of the tensor Fik^im, e.g., 
with classical analogues of the Yang-Mills 
field^, requires a separate investigation. 

Of particular interest will be the re- 
sults of MES investigations on nonclassical 
scales. They will possibly allow us to un- 
ravel the puzzles of the origin of the gravita- 
tional constant, the only physical constant 
of the theory. Similar results will proba- 
bly be obtained for other fundamental con- 
stants (see, e.g., the considerations in [T5j 
concerning Planck's constant). In any case, 
Clifford's hypothesis suggests a necessity of 
obtaining these answers. 

Evidently, the predictions of the devel- 
oped theory need experimental verification. 
An electromagnetic "redshift" experiment 
was discussed earlier, see, e.g., [H]. Now 
there appeared at least two new corollar- 
ies: a non-field contribution to the mass of 
matter particles is equal to zero, and the 
dependence of the charge density on the 
system energy density and pressure. These 
two predictions have a principal meaning 
for both the theory and Clifford's hypothe- 
sis. 

*In the classical case, Fik^im has no non-Abelian 
terms because Gi^u is an unobservable quantity. 
Therefore we speak about a "classical analogue". 
The quantum case of motion [15] reduces to the 
particle "scanning" of its trajectory e 7^ . Here 
Ci^ki is already an observable quantity, and thus 
Fikjm becomes non-Abelian. However, construc- 
tion of a geometry for this case (as a generalization 
of the one used) is still an unresolved problem. 
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